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Abstract

Bound state solutions of the Schrodinger equation have been investigated for
n-dimensional (n > 2) harmonic oscillator potential decorated with any finite
number (P) of Dirac delta functions. The potential is radially symmetric and
given as V(r) = %mwzr2 — ;’Ti Zle 0;8(r — r;), where o;s are arbitrary real
numbers, r; < rp, < --- < rp and r; € (0,+00). We have demonstrated
that addition of Dirac delta functions lifts the accidental degeneracies of n-
dimensional harmonic oscillator energy levels and leaves only the degeneracy
due to the radial symmetry. Explicit forms of bound state eigenfunctions and
the eigenvalue equation are given for n, / values, where n is the space dimension
and / is the degree of n-dimensional spherical harmonics. We have shown that,
for given n and /, there are a countably infinite number of bound state energy
levels which are continuous functions of w, o;s and at most P of them can be
negative.

PACS number: 03.65.—w

1. Introduction

A quantum harmonic oscillator in any dimension is exactly solvable, and its solutions are used
to describe many important physical processes such as modes of radiation, phonons, molecular
vibrations, etc [1, 2]. The Schrodinger equation for a particle of mass m in a potential with
Dirac delta functions is also frequently studied in quantum mechanics [2-5]. Solutions of
the Schrodinger equation with Dirac delta functions can be valuable for the description of
extremely short-range or contact (point) interactions [4].

Spectral properties of the Schrodinger equation for harmonic oscillator potential together
with a point interaction have been investigated by several authors [6—14]. The spectrum of
the one-dimensional harmonic oscillator with one Dirac delta function has been studied in
[6-9]. Two-dimensional systems in a uniform external magnetic field in the presence of a
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S-impurity and a cylindrical §-potential have been investigated in [10] and [11] respectively.
Spectral properties of three-dimensional harmonic oscillator with a point interaction have
been considered in [12—14]. Spectral analysis of interactions supported by manifolds with
codimension one has also been done in [5]. Non-relativistic quantum mechanical sphere
interactions were investigated in [15-22]. In this paper, we study the properties of bound state
solutions of the Schrodinger equation for n-dimensional (n > 2) harmonic oscillator potential
together with radially symmetric Dirac delta interactions and present some explicit results for
these bound state eigenvalues and eigenfunctions.

Magnetostatic traps used in experiments of boson gases and two-dimensional electron gas
in a uniform magnetic field are two important examples which can be described by a harmonic
potential. Ultra-thin quantum wells or impurities in these systems can be modelled by using
Dirac delta functions. Two-dimensional systems which contain Dirac delta interaction on
a closed loop together with a magnetic field for a charge particle have been studied in
[23, 24]. A model with harmonic oscillator potential decorated with any finite number
of radially symmetric Dirac delta functions at arbitrary non-zero radii can be utilized to
describe contact interactions of a particle with some materials on concentric spherical shells
or circular structures in a confining harmonic potential. Thus, our calculations can be useful
in finding the changes in the harmonic oscillator spectrum stemming from these very short-

. . . . _m n 2.2 n? n .
Eange interactions. For an interaction Vsep = 7 Do wix; — 3 2oiz1 018 (x; — a;), with
r = (x1, x2, ..., X,), the problem can be reduced to » independent one-dimensional systems.

The methodology of this paper can be used to obtain similar results (and related bound state
eigenfunctions) for a one-dimensional harmonic oscillator with a finite number of Dirac delta
functions [25]. The statements (a), (b) and (c) of theorem 1 of this paper are also true for the
one-dimensional case with analogous conditions.

2. Results and discussion

Our aim is to obtain and analyse bound state solutions of the Schrodinger equation for n-
dimensional (n > 2) oscillator potential together with P Dirac delta functions. The potential
is radially symmetric and given as

1 R
— _ 2,2 7 . .

V) = gme’r? = o ;a,a(r 7, (1)
where w > 0, 0; are arbitrary real numbers and r| < 1, < --- < rp with r; € (0, +00).

2y . . . . .
The factor —(;—m) is for calculational convenience. Negative o; value represents repulsive
interaction while positive o; value represents attractive interaction.

The time-independent Schrodinger equation for a particle with mass m in the potential

V(x) is given as

h2
Hwa\p(xlv °"1xn) = <_2_v2+ V(I")) \IJ()C], '“’-xn) = E\IJ(.XI, wan)s (2)
m

where V2 = Y"1 %

Since the potential depends only on r, we write the wavefunction in terms of spherical
coordinates as ¥ = R, ;(r)Y; ,(®), where Y;,(®) is an n-dimensional spherical harmonic
of degree / and ® = (04, ...,6,_1) represents n — 1 angular coordinates [26]. Then, the

Laplacian in spherical coordinates becomes

V2 — 1 d (,ﬂ—l@) N QB 3)

rn—1dr dr r2’
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where the Laplace—Beltrami operator, €2, on the sphere, S"~!, satisfies

QY1 (0) = =l +n - 2)Y,,(0), “4)

forl =0,1,2,.... The degeneracy of Y, is m; , = Wl By using p index for

these degenerate states, we take orthonormal set {Y} ., }, foru = 1,2, ..., m, ,, that is

/ Y Yy d® =68, , (5)
Su—l

[26].

For all ;s are zero, we have n-dimensional harmonic oscillator with energies E[q, ] =
E[K] = Qqg+1+ %)ha) = (K + %)ha), where K = 0,1,2,... and ¢ is the number nodes
of the eigenfunction with energy E[K]. By using the same form of the harmonic oscillator
spectrum, we define E = (A + %)hw, where A = A(w, 01,02,...,0,,11,72,...,7,)is areal
function of w, 01,02, ...,r1,72,...,7r,. In general, A may not be non-negative integer for
non-zero o; values. In theorem 1, we will show that they can be even negative real numbers
for some lowest eigenvalues. Variations of 7y, 7, ..., r, will change the locations of delta
functions. We fix ry, 72, ..., r, values and analyse the energy eigenvalues as a function of
w,01,02,...,0p.

By inserting £ = (A + 3)hw, we have the radial equation

o { 1 i(rn1d(Rn,l(r))>_l(l+n—2)

om | rn-1dr dr r2

1 2.2
R, (r)+ Emw r°R, (1)

2 P
-5 {me —r,-)} Roa(r) = (A +3 ) hoR,(r), ©)

forl=0,1,2,...andn > 2.
2mw

By using dimensionless parameter v = ,/ “2*r, we obtain

h
1 d a1 ARy 1 (V) Il+n—-2) n v?
vnfl a <U dv ) — 1)2 Rn,l(U) + {(A + E) - Z} Rn,](v)

»
+ {Z ICE v»} Ryi(v) =0, (7)
i=1

2mw
h

riandgizx/"z"njforizl,l...,P.
h

When v # v;, equation (7) reduces to

1 d a1 ARy 1 (V) [l+n—2) n v? _
-1 a (U dv ) - v2 R",l(v) + {(A + E) - Z} Rn,l(v) =0. ®)

Equation (8) has two linearly independent solutions. By trying solutions of the form

where v; =

1/2 .
R, (v) = v’ e” Tu(v), we get solutions

;2 [ — A n v?
pa=ve TY 5 ,l"‘E;? %a)
and
;2 [ — A n v?
pp=ve T¢ T’l+§;? ) (9b)

' mg, = 1. This can also be obtained from the general formula by first inserting / = 0, doing cancellations and then

inserting .
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where ¢ («, y; z) is the confluent hypergeometric function of the first kind and ¥ (¢, y; z) =

rl(wl(i;f))/) oo, y; )+ %zl_yqﬁ(l +a —y,2—y; z) is the confluent hypergeometric function

of the second kind. Throughout this work,a = I_TA y=Il+5andz = % Since ¢ (o, y; 2)
and ¥ («, y; z) are entire functions of o, ¥ > 0 and z > 0, the solutions ¢4 and ¢p are also
entire functions of v, [, n. (For z = 0, ¢ («, y; 0) = 1. By using analytic continuation, ¥ is
defined for integer y values [27].) When « is a non-positive integer, I'(«) becomes infinite
and @4, @p are now linearly dependent. Then, linearly independent solutions of equation (8)
will be constructed in terms of Laguerre polynomials. We will later show explicit form of two
independent solutions of equation (8) when o« =0, —1, -2, ....

We first consider the case for o # 0, —1, —2, .... By taking vg = 0 and vp,; = +00, we
define ith interval as [v;_y, v;], fori = 1,2,..., P + 1. Then, for given n and /, the general
solution of equation (7) is
R, 1(v) = ajpa(v) +bjpp(v) when velvi_y,v;] and i=1,2,...,P+1. (10)

For large z values, we have ¢ (o, y; 7) & % e?z~ " and Y (a, y;z) =z % Forz — Oand

positivey, ¢ («, y; z) — land ¢ («, y; 2) — %;)l)zl—?’ wheny # lory (a, v; z) — —lrn((;g

when y = 1 [27]. Thus, for z = ”—22, we find g4 — +oo as v — 0, and ¢ — +00 as
v — +00. Hence, we have to take a; = 0 and bp,; = 0 which lead to by¢g(v) for the first
interval and ap,1¢4 (v) for the (P +1)th interval as the regular solutions of equation (7). Since

Y (o vs %) A (“72)_& for large v values, R, ; decays exponentially as v — +0o. Hence, the

integral 1 = [;°(R,;(r)*r" ' dr = fOOO(R,,J(1)))2(2;;—0))%v”_1 dv converges. Thus, bound
states W with radial part of which is given in equation (10) are normalizable.

The continuity of the wavefunction at the boundary of itk and (i + 1)th intervals leads to

aipa(vi) + bigp (Vi) = a1 9a (Vi) + biv19p(vi). (11)

By multiplying equation (7) with v"~!dv, we integrate these equations between v; — €

and v; + €. Letting ¢ — 0%, using the continuity of the wavefunctions and cancelling v;’_l
terms, we get

(@19 (V) + b1 @ (V) — (@@} (Vi) + b (Vi) + & (aipa(vi) + bigp(v;)) = 0, (12)

where ’ denotes differentiation with respect to v. By solving linear equations (11) and (12) for
a;41 and b;,q in terms of a; and b;, we obtain the recursion relations

- <1 4 CiﬁDA(Ui)fﬂB(vi)) 4+ (Ci(ﬁDB(vi))z) b,

Wi Wi
. ))2 . . .
iy = <_ Gi(@a(vi)) )ai + (1 . gl(pA(vl)WB(Ul)> b, (13)
W Wi

where W; = W;[ga, op]l = 0a(vi)@p(vi) — ¢p(vi)@) (v;) is the Wronskian.
We define the transfer matrix M;, and write equation (13) in terms of M;:

X . . . )2
aim) " @\ 1+ LwA(v‘%wB(vl) {I(w‘fag,-u’)) a; a4
bivi)  T\bi) _w%vmz | — Lw(v‘%w(vi) bi)"
apyl aip a
=MpMp_;---M =X , 15
(bP+l> pMp_q 1(1)1) <b1) (15)

where the matrix X = (il: iii) = MpMp_;---M, is a function of A. Since we demand

a; = 0 and bp,; = O for regular solutions, then, for given n and /, we obtain X5 (A) = 0

Thus,
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which is a transcendental equation in general. The roots of the equation X5, (A) = 0 will be

used to find the energy levels, E = (A + %)ha)

2T
For ¢4 and ¢, W(ga, gl = WEV-)] we have

1 4 Gy mwax vizi) il (e yiz)l?
L) /3. ~0- et @ﬁm—w—?e
Ml — I(er) , (a) (16)
_ Gl (ayizi)] 1— Gip (o, y3zi) (e y3zi)
%ﬁz,v_w_%)e’i %[Zi—(y—%)er,
where z; = % Thus, by solving X (A) = 0, we obtain A and hence M;s which in turn
determine R, ; exactly. For a special case P = 1, we have
Gip (e, y; )Y (a, y; 21)
Xn(A)=1-— T S =0. 17
W\/EZI r—3)eu

Then, we get

I— A I— A I—A ()22, =2 e

A 5 A 5 F = ) 18
(5o (5 e (5) T .
which will be solved for A for given n,/, w, oy and r;. Forn = 3, = 0,01 =

3)  Smeo

F(Z) P 2 and r; = mi, one of the solutions of equation (18) is A = —%

) Vs
3 mo
and hence E = 0. For o) = F(Z) w2 ,we get A = —% and hence £ = —hw. In
o(3.3:)v (3.3:)r ()

theorem 1, we will demonstrate that there are infinitively many solutions of X»,(A) = 0, and
there can be at most P negative eigenvalues for P Dirac delta functions.

For z; > 1 and z; > |{;|, we can obtain the approximate change in the energies by using
asymptotic behaviours of confluent hypergeometric functions and the equation X»,(A) = O or
performing the first-order perturbation for the harmonic oscillator potential with the perturbing
Dirac delta interactions. Both methods give the same result. As an example, for z; > 1 and
zi > ¢, n=3,1 =0, we have

2q+l

AE[q,l:O]:E[q,l:O]—(2q+ )ha)wz —2hw {l\/_q'l"(q+ 5 el

~ mw 2q+’ 4q+2 /mu 2
~~(%) e Z"’ 1

For intermediate values of |¢;| and z; or |¢;| > z;, asymptotic of confluent hypergeometric
functions or the first-order perturbation does not supply the approximate solutions of
X2 (A) = 0, and numerical solutions of X,,(A) = 0 should be obtained.

In tables 1 and 2, we present numerical results of some quantities that are related to the
ground state and the first excited state energies for large attractive and repulsive ¢; values, i.e.
¢; = £10.0. For one delta function case with [¢;| = +10.0, as seen in the fifth row of table 1, the
absolute change in the ground state energy is larger for attractive(A) Dirac interactions than for
repulsive(R) delta interactions, i.e. ‘22¢4l > 1 where |AE,| = |Ex(¢1 # 0.0)— E, (&, = 0.0)].

|AEM
However, for the first excited state, : X E 1s larger than 1 (for z; = 2.0, 10.0) or smaller than
1 (for z; = 0.5, 1.0), depending on the location (or z;) of the delta function. By using
tables 1 and 2, one gets the following orderings for attractive and repulsive interactions with

21| = +10.0:
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Table 1. Some dimensionless quantities which are related to energies for one Dirac delta function
with strength ¢ = +10.0 (attractive(A) case) or {1 = —10.0 (repulsive(R) case) at r = r;
(z1 = ";,—“’rlz). Here n = 3,1 = O and E; and E> denote the ground state and the first excited state
energies respectively. |AEy| = |Ex(¢1 # 0.0) — Ex (&1 = 0.0)|, where E; (1 = 0.0) = % and
Ex(¢1 =0.0) =2+ 3.

z1=05 z1=10 z;=20 2z =100

(% -3) —26242 25996 2549 21497
(% -3) oss4 1380 1038 0.002
Ey, 3

(%4-3) 112 1654 1460 0.004

(B2-3) 3220 295 229 2074

e 29.69 1884 2556 10750
o.RI

N 07197 03619 1824 2697
2.R|

Table 2. Some dimensionless quantities which are related to energies for two Dirac delta functions

with strengths {; = +10.0 (attractive(A) case) or {; = —10.0 (repulsive(R) case) at r = r;
(zi = %riz). Here n = 3,1 = 0 and E,; and E> denote the ground and the first excited state

energies respectively. |AE | = |Ex(¢1 # 0.0,4 # 0.0) — Ex(¢1 = 0.0, % = 0.0)|, where
Eg(£1=0.0,8 =0.0) = 3 and Ez(¢; = 0.0, = 0.0) =2+ 3.

(z1=10,22=2.0) (21 =10,22=4.0) (z1 =1.0,z2=10.0)

Eq. 3
(%2 -3) -28.145 —25.996 —25.995
(Ehg_wf? -3) 2 2.692 1418
E, 3
( thA _ i) —22.604 —24.494 —21.490
E, 3
(ﬁ - j) 3.000 3.566 2.984
|AEg 4]
[AF A] 12.39 9657 1833
[AEp Al
[AES Rl 24.60 1692 287

@ |AEgaz=05| > |AEgaz=10] > |AEgaz=20] > [AEg az=100]

() |AEg gz =10 > |AEg Rz =20| > |AEg 2 1=05| > |AEg .z1=100]

©) |AEy 4 z—100] > |AE2az205| > |AE2A,2220] > |AE2 42210

(d) |AEs k205 > |AE2 R 2=10] > |AEs 2 220| > |AE2 R 2 2100]

for one delta function, and

© |AEga=10:=20)| > |AEg a.ci=10.:=40)| > |AEg ac1=1.0.2=100)]

() |AEg R (c=10:=40)| > |AEg R 2i=10.:=2.0)| > |AEg R (z1=1.02=10.0)|

(@) |AEspci=10:240)| > |AE2 A, i=102220)| > |AE2,4,2,210,22100)

(h) |AEs g (2=10,:240)| > |AEg R (z=1.0.:22.0)| > |AEg R.(21=10,2210.0)

for two delta functions. Thus, these numerical results demonstrate that in general the change

in the energy levels has a complicated dependence on the positions of Dirac delta functions.

As we vary o; values, @ can take non-positive integer values for some eigenfunctions.

Then, ¢, and ¢p are linearly dependent. Fora = 52 = —¢g = 0,—1,-2,..., we will
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construct the solution R, ; in terms of Laguerre polynomials, L’/f1 by using the relations
!

¢(—q,y;2) = m (z)lfq;éOandqb(O V Z)—L(}; (z) =1ifg = 0. For
this case, one of the solutions of equation (8) is @4 = v’ e‘_ Ly~ ! ( ) For n odd integer, the

2
second solution is pp = vie T (7)1 yq&(l +a—y,2—v; 7). Then, for » odd integer,
= ;P +b;

_ v? v?
a{ (2)}+b {ve 4¢(1+a—y,2—y,?>}. (20)

For n even integer, the indicial equation for the differential equation (8) has

*S|

4;|’

integer roots, and the second solution has the form ¢p = v e’% {gSL’q’*1 ("Z—Z)In(%z) +
(%) TS b, (2"}, where the coefficients g, and b, are found by inserting the expression
in Laguerre differential equation [28].

By following the similar procedure which leads to equations (11) and (12), we obtain the
recursion relations

- _ 1 + 524 i) i (@p)? _
(ai+l) — M, <ai> _ W; W, (Cli)

- = i — = _ 2 _ _ 7 )

b1 b; _ fi(‘ﬂ/‘%givi)) 1— 5i®a (U‘%‘PB(U,') b;

I'y—a)(1— .
utere Wign ol = %% for y # 1,2,..., Wi = 5, for y = 1, and
A N ) N
W = T (—a+D)(I—y) v~ L fory =2,3,.

We note that, given n and /, the solutlons R, ;(v) of equation (7) are non-degenerate.
This result can be obtained by using transfer matrices (theorem 1 in [29] demonstrates such
a derivation). An alternative demonstration of this result and ordering of the corresponding
eigenvalues can be deduced by using the results of Hilbert—Courant vol I [30]. Since R, ;(v)s
are continuous and have piecewise continuous first derivatives (with finitely many finite amount
of jumps), the requirements for the applicability of the maximum-minimum property in [30]
are satisfied. By applying the results of chapter VI of Hilbert—Courant, we get that, given n
and /, the solutions R, ;(v) of equation (7) are non-degenerate and corresponding eigenvalues
(energies) can be ordered such that the eigenvalue (energy) is higher for a bound state with
larger number of nodes. Then, by taking ¢ as node index, we order the energies, that is

Ey<E<---<Ej<---. 21

As an example, given n,l = 0 (s state), by using the spectroscopic notation Eys = E[g =
N — 1,1 = 0], the order of the levels is found as E;; < Eys < -+ < Eng < ---. By defining
fq = E4(w,01,02,...,0,) and taking (w, 01, 02, ..., 0p, f;) as coordinates, we obtain a
surface in RP*? for each eigenvalue with node index ¢.

For the harmonic oscillator, all bound state energies are positive. We have seen that some
of the eigenvalues of H,,, can be zero or negative. We will prove theorem 1 about the properties

) h
—5- V7 + ma) r2 Zl 10i8(r —17)

. . 2 2
and compare with the bound state energies of Hy = — h V2 — % ZiP:l GiS(r —ri).

of bound state energies of the Hamiltonian H,, =

Theorem 1. For the Hamiltonian 'H,, with arbitrary real o; and arbitrary positive r; values,
for given n and |

(a) bound state energies are continuous functions of w, oy, ..., 0p,
(b) there exist countably infinite number of bound state eigenvalues,
(c) at most P eigenvalues for the bound states can be negative.
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Proof. (a) For given n and /, we define R, ;., as the radial part of the bound state eigenfunction
of H,, with g nodes. By dropping n, [ subscripts, we take R, = R, ;.,. We define energy
surface f, = E,(w, 01, ...,0p) for the energy of bound state ¥ = R,(v)Y;,,.(®). By

Hellmann—Feynman theorem, for normalized wavefunction \IJ(‘ / 2’“T‘“r) of H,,, we have

2
oF OH oo 2
24 _ |\IJ)=ma)/r2\IJ S22 dr
dw ow . h
2
R 2mao n—1
= mw/ r~ Ry Tr r"~dr, 22)
0

where we have used orthonormality of Y;,., and dr represents n-dimensional ‘volume

element’. Since R, of W decays exponentially to zero as r — +00, the integral in equation

22) converges. Thus, the derivative 9E, exists, and hence = E,(w,0q,...,0p) 1S a
g q q

dw
continuous function of w. Similarly,
< 2mw )
Ryl ——ri
n
dE,

OF O Huwe n?

L= (W) = -
d0; d0; 2m

Since ot exists, f, = E,(w, o1, ..., op)is also a continuous function of o; fori =1, ..., P.

(b) For given n and /, when o; = 0, for i = 1,..., P, and o = wjy, we have the

harmonic oscillator energies, fq” = E;(w,0,...,0) = (2q +1+ %)hwo for the node index

g =0,1,2,.... Thus, we have countably infinite number of bound state solutions with these

2
L (23)

l

energies and {v’ et LY (%)Y} as the eigenfunctions. In part (a), we have shown that
E, is a continuous function of w, o1, . . ., op. Then, starting from the point (a)g, 0,...,0, fq")
and varying , o1, . .., op, we obtain a surface f;, = E,(w, 01, ..., op) foreach g where f is
a continuous function of (w, oy, ..., op). Thus, for any given @, &1, ..., &p, we have a point
with coordinates (@, &1, ..., Gp, f 4) on each surface. For bound states, equation (21) leads to
E; > E, if s > g. Then, these surfaces do not intersect for given n and /. Hence, for any given
w, o1, ..., 0p, we have countably infinite number of energies E,, whereg =0, 1,2, .. ..

(c) We take all o; positive, i.e. all the delta functions in the potential are attractive. With
this choice, H, will have at most P bound state solutions with the negative energies for given
n and [ [29]. Assume that we have N bound states of H, with negative energies A ;, where
0 < N < P and j represents the number of nodes of the corresponding radial part of the
bound state eigenfunction.

For given n and I, we take R; and 7} as the exact radial (bound state) eigenfunctions
with j nodes of H,,, and Hy respectively. Among the admissible functions F; which satisfy
boundary conditions and have j nodes, for a Hamiltonian H, (F IH|F;) is the minimum for
the exact eigenfunction [30]. Then, we have

(T?|Ho|T7) < (RjIHoIR;) < (Rj|Huo = Ho+ 3ma’r?|R;) <(T] | Hoo |T7), (24)
which leads to
)"j = Ej(O,Gl,...,GP) < Ej(a)’als""GP) < Ej(Osolv"'sgP)
1 +00
+§mw2f rzyT;”Zr"_ldr (25)
0 ;

Since T — ce ™" as r — +00, I ]T;’(r)yzr”“ dr converges [29]. Thus,
A < Ej(@,01,...,0p) < Aj+ A’ (26)

where A = %m f0+°° |TJ{7|2},H+1 dr.
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Thus, for sufficiently small w or some particular values o; > 0 such that 1; < —Aw?, we
have

Ej(w;01,...,0p) <O. 27

If j index of R; with the corresponding negative energy is bigger than P —1, then equation (26)
implies that there can be more than P bound states of H, with negative energies. This is
impossible since there exist at most P bound states of Hy with negative energies [29]. Thus,
there are at most P negative eigenvalues for the bound states of H,,. The theorem is proven.

|

For two-dimensional systems with Dirac delta interactions and a magnetic field (B),
asymptotic behaviours of eigenvalues for large strengths (8) of delta functions have been
investigated, and it was shown that the nth eigenvalue has an asymptotic form A, =
—%2 +u(B)+ OB 'Inp) as B — oo [23]. These results suggest that for sufficiently large
strengths of delta interactions, there are exactly P negative eigenvalues of the Hamiltonian
Hwo of harmonic potential decorated with P attractive Dirac delta functions. This can be
achieved by using the procedure of the min—max principle [32] and normalized wavefunctions
\IJ(}]"’" (r)Y;,,(©) of harmonic oscillator and R, (r)Y; ,(®) of H,,. For given n,/ and w, we
first take the lowest eigenvalue harmonic oscillator wavefunction \IJ;‘;’(') ()Y, ,(®) as a trial
function. Then, we have

P
Ef = (WU [Hoo | W) = (1 + %) ho — Za,- |\IJ('}""(x,~)|2.

i=1

Hence, by increasing o;s, we can make E{f negative for the trial wavefunction W{*-. Thus,
for o; > o0 (a critical value), we have at least one negative eigenvalue. We take the
normalized radial wavefunction of the lowest eigenvalue as Ry. We continue the process
of the min—max principle by using trial wavefunctions y¥!* which are chosen to be square
integrable functions and to have exactly s nodes and ¥ € [Ro, Ry, ..., R,_1]*- fors > 1.
(Here [Ro, Ry, ..., Ry_]* is the notation for the set of wavefunctions which have the property
(YIR;) =0,for j =1,...,5 — 1, and R; is the radial part of the eigenfunction of H,, with
j nodes). Hence, we get

P P

Ef = <I/fs[r|Hhar.osc.}l/fslr) o Zai |wstr(xi)|2 = Ao — ZO‘,' Bi,

i=1 i=1

where Ap, = (w;r|Hhar40sc, |1ﬁ§r> is a constant for given Y" and B; = |w;r(x,‘)|2. Y cannot
be zero for all x; values (i = 1,..., P) since ¥!" has s nodes and P > s. Thus, at least
some of B;s are non-zero and by choosing appropriate o;s, we can make E'" negative. Hence,
by applying the min—max principle procedure, we have at least P negative eigenvalues for
sufficiently large o;s. Then, by combining this result with theorem 1(c), we obtain that there
are exactly P negative eigenvalues of H,, with P attractive delta functions for sufficiently
large strengths of Dirac delta functions.

Although energies of n-dimensional harmonic oscillator are not equal to each other for
same / value, they are ‘accidentally’ equal to each other for some different / values. Energy
level E[K] = (K + 2)hwis (*1"]") times degenerate for K = 0, 1,2, .... By using angular
degeneracy m; , of W, one can show that, forn > 2,

<K +n— 1) {Zfzo,z,_" my, if K is an even integer

n—1 (28)

K . . .
Do Mg if K is an odd integer,
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where summations are taken over even or odd / values up to K. Thus, by using energy
expressions for n-dimensional harmonic oscillator, the order of levels is

(1s), (1p), (1d, 2s), (1f, 2p), (1g, 2d, 3s), . ..,

where the states in the same parentheses are ‘accidentally’ degenerate states of n-dimensional
harmonic oscillator and the numbers in front of spectroscopic notation (s,l,d,...) are shell
indices. The accidental degeneracy is due to an extra symmetry of the isotropic harmonic
oscillator which is a quadratic function of p and r. Hyo, = 5. + ma)zr2 is invariant under
any rotational transformations in n-dimensional space which are elements of n-dimensional

orthogonal group O (n)(see n = 3 case in [31].) This Hamiltonian can be written as

n
— ata 1
H,, = Z (al. a; + 5) hw,

i=1
where &J ,a; are creation and annihilation operators respectively. This Hamiltonian will be
invariant under any unitary transformations of &Z ,d; which are elements of n-dimensional
unitary group U(n). Since U(n) D O(n), we have the extra symmetry of the harmonic
oscillator Hamiltonian and accidental degeneracies occur. Only perturbations of the form
A.p* + B.r? (A., B. constants) can preserve this extra symmetry. Hence, by adding terms of

2 . . . .
the form ——0;8(r — r;), this extra symmetry is broken. Thus, the accidental degeneracy is
. 2m . .
lifted and only the rotational symmetry remains.
For |¢;| <« 1, the first-order perturbation contribution to energy is given as

(O I -3 1 -2z
AED = [ (q+l+ ):|«/_th§, (L1~ @] e (29)

For one delta function and |¢;| < 1, we have the perturbation expansion
AE=AEV + AE@ +.. .+ AE® + . =g +ayll + -+ aeck +

Then, forn =3, K =2,z; = 1 and 0 < ¢{; < 1, by performing numerical calculations, we
get AESI) # 0 and

(1
AEy _ AE, —06.

im = 1

0—0AEy AEfd)

Thus, for this example, we have AE 4 < A E» for sufficiently small positive ¢; (attractive
delta function), and hence accidental degeneracy is lifted.

3. Conclusions

In this paper, we have analysed bound state solutions of the Schrodinger equation for
n-dimensional (n > 2) harmonic oscillator potential decorated with any finite number
(P) of Dirac delta functions. The potential is radially symmetric and given as V(r) =

2 P .
Ime?r? — 5" 6;8(r — r;), where o;s are arbitrary real numbers, r| < ry < -+ < rp
and r; € (0,+00) fori = 1,2,..., P. We have shown an explicit form of bound state

eigenfunctions and obtained an equation for energies. We have demonstrated that addition of
Dirac delta functions lifts the accidental degeneracies of n-dimensional harmonic oscillator
energy levels and leaves only the degeneracy due to the radial symmetry. We have proved that
for given n and /, there are countably infinite number of bound state energy levels which are
continuous functions of w, o;s and at most P of them can be negative for the potential given
above.
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Contact (point) interactions of a particle in a harmonic confining potential with some
impurities on concentric spherical shells or circular structures can be described by using the
model that we have investigated. Our calculations can be used to find the changes in the
harmonic oscillator spectrum due to these very short-range interactions.
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